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ABSTRACT: A block-correlated coupled cluster (BCCC) method based on the generalized va-
lence bond (GVB) wave function (GVB-BCCC in short) is proposed and implemented at the ab 
initio level, which represents an attractive multireference electronic structure method for strongly 
correlated systems. The GVB-BCCC method is demonstrated to provide accurate descriptions for 
multiple bond breaking in small molecules, although the GVB reference function is qualitatively 
wrong for the studied processes. For a challenging prototype of strongly correlated systems, tride-
cane with all 12 single C–C bonds at various distances, our calculations have shown that the GVB-
BCCC2b method can provide highly comparable results as the density matrix renormalization 
group method for potential energy surfaces along simultaneous dissociation of all C–C bonds.  
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The unremitting pursuit of developing electronic structure 
theory is to accurately predict molecular geometries, energies 
and properties of various molecules and materials. Traditional 
single-reference (SR) electron correlation methods based on the 
Hartree–Fock (HF) reference have achieved great success for 
weakly correlated systems. Such SR methods include, for ex-
ample, many-body perturbation theory1 and coupled cluster (CC) 
method.2 However, the accuracy of these methods decreases 
dramatically for strongly correlated systems (e.g, multiple-bond 
breaking, transition metal compounds), in which independent 
particle approximation is no longer suitable. Multireference 
(MR) electron correlation methods3-7 have been developed to 
deal with strongly correlated systems. Those methods, which 
are based on the linear combination of many determinants as the 
reference function, have been demonstrated to provide satisfac-
tory descriptions for small systems with strong correlation. 
However, the commonly-used reference function, the complete 
active space self-consistent-field (CASSCF) wave function8 is 
only available for systems with small active spaces (i.e., 18 elec-
trons in 18 active orbitals), due to the exponential increase of 
their computational cost with the size of the active space. Alt-
hough the density matrix renormalization group (DMRG)9-11 is 
established to be a powerful electronic structure method for 
strongly correlated linear molecules, it cannot provide satisfac-
tory results for two- and three-dimensional systems. In addition, 
it is hard to incorporate dynamic correlation effectively within 
the DMRG framework to get quantitatively accurate results. 
Thus, the development of new MR electron structure methods, 
which are spin-pure, size-consistent, cost-effective, and accu-
rate for a wide range of systems including both weakly and 
strongly correlated, remains a great challenge. In this Letter we 
describe an appealing method towards this goal. 
For systems with strong correlation, the antisymmetric prod-
uct of strongly orthogonal geminals (APSG)12 and its special 
case, the perfect-pairing generalized valence bond (GVB-PP, 
denoted as GVB in short)13 wave function is another well-
known multiconfigurational reference function. Unlike the HF 
reference, the APSG and GVB reference functions can recover 
a small portion of static correlation and is capable of describing 
the correct dissociation of isolated single chemical bonds. In 
comparison with the CASSCF and DMRG reference functions, 
the APSG, especially GVB, reference functions are inexpensive 
and are computationally accessible for large systems. However, 
the APSG and GVB reference functions are not accurate enough 
for most systems, due to the lack of electron correlation between 
geminals, and between geminals and virtual orbitals. 
The goal of the present work is to propose a block-correlated 
coupled cluster (BCCC) method based on the GVB reference 
(GVB-BCCC in short) for electronic structure calculations of 
strongly correlated molecules. In this method, a geminal is de-
fined as a block, and the cluster operator is defined in terms of 
block electron states so that inter-geminal electron correlation is 
effectively treated. We have implemented GVB-BCCC meth-
ods at the ab initio level. This black-box GVB-BCCC method 
is spin-pure, size-consistent, cost-effective, and can provide ac-
curate descriptions on the multi-bond dissociation processes, 
although the GVB reference is qualitatively wrong for such pro-
cesses. For a relatively large tridecane molecule, we demon-
strated that a simple GVB-BCCC method (GVB-BCCC2b) 
could provide accurate descriptions for simultaneous dissocia-
tion of its all 12 C–C bonds, which is much beyond the capabil-
ity of the CASSCF method. 
In second quantitation, the GVB wave function may be writ-
ten as 
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) represents the creation operator of a spin-up 
(spin-down) electron in core orbitals, which can be regarded as 
inactive orbitals, and †Aˆ  stands for the creation operator of a 
singlet pair (or geminal) of electrons in two orbitals,   and  , 
which corresponds to the first and second natural orbital (NO) 
in the  th geminal. Here, a geminal is a kind of strongly or-
thogonal singlet two-electron function generalized from one-
electron functions (orbitals), and is the linear combination of 
two determinants. In the GVB wave function, two orbitals in 
each geminal subspace correspond to a bonding orbital, and its 
antibonding orbital localized over a chemical bond. A geminal 
can provide a good description for strong correlation of an elec-
tron pair in a chemical bond. For an open-shell molecule, there 
are also singly occupied orbitals in the GVB wave function (ne-
glected in Eq. (1)). By construction, the GVB wave function is 
of a multiconfigurational character and includes some highly 
excited determinants (relative to the corresponding HF determi-
nant). Thus, the GVB wave function is capable of describing the 
exact ground state of the supramolecular composed of any num-
ber of noninteracting electron pairs and is also size-extensive, 
and size-consistent. Recent development of the GVB method 
has allowed black-box GVB calculations to become routine for 
systems with hundreds of electrons.14  
The main deficiency of the GVB wave function is the lack of 
electron correlation between geminals, and between geminals 
and virtual orbitals that prevents the GVB method from being a 
quantitatively reliable electronic structure method. To include 
the remaining electron correlation mentioned above, different 
GVB-based approaches15-18 or APSG-based approaches19-20 
have been proposed. However, none of these approaches can 
provide satisfactory accuracy for strongly correlated systems.  
Keeping in mind that the ansatz of the traditional CC cluster 
method is powerful in describing dynamic electron correlation, 
one may wonder whether it is possible to develop an alternative 
CC framework for strongly correlated systems. In fact, such a 
CC framework, called block-correlated CC (BCCC) method, 
was proposed by our group in 2004.21 In BCCC, all spin orbitals 
are divided into many blocks, and a block is defined to consist 
of two or more localized spin orbitals, characterized by capital 
letters I, J, A, B, etc. A block state is defined as a many-electron 
state in the Fock space. For a given block I, its ith electronic 
state is denoted by iI , which can be created by a block-state 
creation operator 
iI
  acting on the vacuum state,  
vaci iI I
 .                                 (2) 
Here iI
  is a linear combination of the product of the creation 
operators of all spin orbitals in block I.  , 0,1, , 1i II i n   
(nI is the total number of many-electron states) represents the 
complete set of many-electron states for this block, and all elec-
tronic states in a block must be orthogonal to each other. For 
convenience, 0I  is defined to be the ground state of this block, 
and all of the other electronic states are called as excited block 
states. The reference function of the whole system in the BCCC 
method is defined as the tensor product of the ground states of 
all blocks. For example, the reference function may be written 
as  
0 0 0 01 2 N  .                            (3) 
Relative to the reference function, all other configuration func-
tions can be defined as block-correlated configuration functions. 
For example, a doubly correlated configuration function can be 
written as 
0 0 0a bA B a b
A A B B      .                         (4) 
Here the ground states of two blocks, A and B, are replaced by 
the corresponding excited block states (
aA , bB ) and other 
blocks remain in their ground states.  
Within the BCCC framework, the exact ground-state wave 
function can be formulated as 
ˆ
0
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Here the cluster operator Tˆ  is defined as the sum of connected 
n-block correlation operators,  
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where coefficients 
iI
t , 
i jI J
t  and 
i j kI J K
t  are called single, double, 
triple correlation amplitudes, respectively. It should be pointed 
out that the 2-block correlation operator acting on the reference 
function will generate a linear combination of all doubly corre-
lated configuration functions, as shown in Figure 1. The BCCC 
ansatz can be considered as an extension of the traditional CC 
ansatz, in which the cluster operators and the reference function 
here are defined in terms of block states instead of orbitals in 
the traditional CC method. It was expected that this BCCC 
method represents a very attractive solution to the electronic 
structure of strongly correlated systems. However, the imple-
mentation of the BCCC method with a reasonable reference 
function at the ab initio level is a very difficult task, and thus 
has never been reported. 
 
 
Figure 1. An illustrative picture of doubly correlated configu-
ration functions generated by the 2-block correlation operator 
between two geminals ( ˆ
a bA B
T ) and between a geminal and a vir-
tual orbital ( ˆ
aA
T  ). 
 
Now we can outline the formulation of the GVB-BCCC 
method proposed in this Letter. The GVB-BCCC ground-state 
wave function is expressed as 
ˆ
GVB
Te  .                                (11) 
In GVB-BCCC, a block may be defined as a geminal (contain-
ing two spatial orbitals) or a spatial orbital. For example, if a 
geminal is taken as a block, there are 16 many-electron states (a 
ground state and 15 excited states) in the Fock space, as shown 
in Table 1. Truncating the cluster operator to a certain n-block 
correlation level, an approximate GVB-BCCC method, denoted 
as GVB-BCCCn, is defined. In this work, GVB-BCCC2 
(
1 2
ˆ ˆ ˆT T T  ) and GVB-BCCC3 ( 1 2 3
ˆ ˆ ˆ ˆT T T T   ) have been im-
plemented for small and medium-sized molecules, in which in-
ter-geminal electron correlation has been taken into account. It 
is worth mentioning that correlation between geminals and vir-
tual orbitals is not considered here, but could be added without 
much difficulty in the near future, as was done in our previous 
CAS-BCCC method.22 For relatively large molecules, an ap-
proximate GVB-BCCC2, called GVB-BCCC2b (
2
ˆ ˆT T ), has 
been implemented. 
 
Table 1. Expressions for 16 Electronic States within a Gem-
inal  (the Number of Electron (ne) and the Z-component of 
the Total Spin (Sz) are Given for Each State).  
  Expression
a ne Sz 
0   ( ) vacc c        
    b 2 0 
1   ( ) vacc c        
      2 0 
2   
1 1
( ) vac
2 2
      
     2 0 
3   
1 1
( ) vac
2 2
      
     2 0 
4   vac  
   2 +1 
5   vac  
   2 –1 
6   vac  0 0 
7   vac
  1 +1/2 
8   vac
  1 +1/2 
9   vac
  1 –1/2 
 10  vac
  1 –1/2 
11   vac    
    3 +1/2 
 12  vac    
    3 +1/2 
13   vac    
    3 –1/2 
14   vac    
    3 –1/2 
15   vac      
     4 0 
a   and   stand for the first and second natural orbitals in the 
th geminal respectively. b c  and c  are CI coefficients of 
two configurations from GVB calculations.  
 
The procedure of determining the amplitudes and the ground-
state energy in GVB-BCCC theory is similar to that in the tra-
ditional CC method. Take the GVB-BCCC2b method as an ex-
ample. In this case, the cluster operator Tˆ  is truncated as 
2
ˆ ˆT T . By projecting the electronic Schrödinger equation to the 
GVB reference function, one can obtain the energy equation,  
GVB GVB BCCC2b GVB GVB BCCC2bHˆ E E       .  (12) 
The ground-state GVB-BCCC2b energy will depend on doubly 
correlated amplitudes (
a bA B
t ). Similarly, one may obtain the ex-
pressions for determining all amplitudes by left-projecting the 
Schrödinger equation on doubly correlated configuration func-
tions respectively,  
GVB BCCC2b GVB BCCC2b
ˆ
a b a b a bA B A B A B
H E E t        .  (13) 
By substituting the GVB-BCCC2b wave function into Eq. (13), 
we can obtain:  
2 3
GVB BCCC2b 2 2 2 GVB
1 1ˆ ˆ ˆ ˆ ˆ[1+ ]
2 6a b a b
a b
A B A B
A B
H H T T T
E t
      
 
. (14) 
It should be mentioned that the expression of Eq. (14) is very 
complicated, and will be omitted for simplicity. By substituting 
the expressions of the ground-state energy, one can obtain a set 
of coupled nonlinear equations, which can be solved by using 
iterative technique. Once the amplitudes (
a bA B
t ) are known, the 
GVB-BCCC2b ground-state energy can be calculated. 
It is beneficial for readers to know how to derive the expres-
sions for the terms in the left-hand side of Eq. (14). Remember 
that the Hamiltonian operator can be rewritten as the sum of all 
single-, two-, three-, and four-block terms， 
1 1 1ˆ ˆ ˆ ˆ ˆ
2 3 4
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Here capital letters P, Q, R, and S stand for different block indi-
ces. For example, one of the two-block terms, ˆ PQH , can be ex-
plicitly formulated as 
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where p, q, r and s represent spatial molecular orbital (MO) in-
dices, a and b represent the two spin states of α (up) or β (down), 
12Pˆ  is an operator which interchanges the coordinates of elec-
tron 1 and 2, ˆp h q  is a standard MO-based one-electron in-
tegral, while gˆpq rs  is a standard MO-based two-electron 
integral. Therefore, the Hamiltonian matrix elements between 
any two configuration functions u  and v  can be calculated 
as follows: 
1 1ˆ ˆ ˆ ˆ
2 3
1 ˆ
4
u v u P PQ PQR
P PQ PQR
PQRS v
PQRS
H H H H
H
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.      (19) 
  
Figure 2. The ground-state potential energy surfaces for (a) symmetric dissociation in H2O (bond angle 110.6° and Re = 0.97551   
Å) at the Cartesian cc-pVDZ basis set; and (b) triple bond dissociation in N2 at the Cartesian cc-pVDZ basis set. 
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where  ˆˆ , iO PP  is +1 or –1 associated with the operation 
ˆ ˆ
i iO P P O , depending on the number of particles in the 
block-state iP . Once the matrix representations of some opera-
tors (such as 
ap
  and 
b b aq s r
   ) within all blocks are calculated, 
the Hamiltonian matrix elements between any two configura-
tion functions can be calculated as shown above. By introducing 
a number of the intermediate arrays, we can demonstrate that 
the computational cost of the GVB-BCCC2b (or GVB-BCCC2) 
method scales with the system size as O(N4), and that of the 
GVB-BCCC3 method scales as O(N5). Thus, with optimized 
programs, GVB-BCCC calculations may be computationally 
manageable for quite large systems.  
With the procedure described above, we have implemented 
GVB-BCCC2 and GVB-BCCC3 methods for molecules with a 
few pairs of electrons and GVB-BCCC2b for relatively large 
systems. For systems under study, HF and GVB calculations in 
this Letter are performed with the Gaussian 16 package23 and a 
modified GAMESS,24 respectively. CASCI or DMRG calcula-
tions are carried out with the PySCF program.25 It is well known 
that the GVB reference function is size-consistent. Naturally, 
the GVB-BCCC method truncated at any level should be size-
consistent. We have taken two linear H6 molecules (with the 
distance between two neighboring H atoms being 2.0 Å) sepa-
rated by 50 Å as an example to demonstrate this point. The 
GVB-BCCC2 energy of the system is –5.745348 Eh at the STO-
6G basis set, which is exactly the sum of the energies (–
2.872674 Eh) of two linear H6 molecules. As expected, the 
GVB-BCCC2 or GVB-BCCC3 method exactly preserves size-
consistency. 
A nice feature of the GVB-BCCC method is that it can pro-
vide exact descriptions on the double bond dissociation in H2O 
at the GVB-BCCC2 level, and on the triple bond dissociation in 
N2 at the GVB-BCCC3 level. One can see from Figure 2 that 
the GVB-BCCC2 result is equivalent to the CASCI (4,4) value 
(based on GVB orbitals) for the symmetric dissociation in H2O, 
and the GVB-BCCC3 result is the same as the CASCI(6,6) re-
sult (based on GVB orbitals) for triple bond dissociation in N2, 
although the GVB reference function is very poor when the 
bond approaches the dissociation limit. 
 
 
Figure 3. Potential energy curves for simultaneous breaking of 
all C–H bonds in benzene (Re = 1.08557 Å) with the 6-31G 
basis set.  
 
The symmetric dissociation of all 6 C-H bonds in benzene is 
a typical strong correlated system, and we have tested the per-
formance of the GVB-BCCC methods for this system. At the 6-
31G basis set, the CASCI method based on the active space 
(12,12) is required to give accurate descriptions for various ge-
ometries with difference C–H bond distances (other structural 
parameters remain unchanged at the B3LYP/6-31G-optimzied 
values). The potential energy surfaces obtained from GVB-
BCCC2b and GVB-BCCC3b calculations are plotted in Figure 
3, together with the CASCI(12,12) results. We can see that the 
GVB method has a poor performance at large C-H distances, 
and the maximum absolute deviation with respect to the 
CASCI(12,12) result is about 66.7 kcal/mol. However, GVB-
BCCC2b captures 70% of the correlation energy (the difference 
between the CASCI and GVB energies may be defined as the 
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correlation energy), and the GVB-BCCC3b method provides 
about 90% of the total correlation energy. Along the whole po-
tential energy surface, the GVB-BCCC3b curve is quite close to 
the CASCI(12,12) profile, with the maximum absolute devia-
tion of about 7.8 kcal/mol. 
Polyacenes, which exhibit strong correlation in the π space, 
were also chosen to verify the applicability of the GVB-BCCC 
method. For several polyacenes, we have calculated their π-
electron correlation energies at the 6-31G basis set. Here we 
perform GVB, GVB-BCCC, and DMRG calculations for all π-
electrons only. The DMRG results are taken as the reference 
data since the CASCI method is not available for these mole-
cules. As shown in Table 2, GVB-BCCC2b and GVB-BCCC2 
can provide 60% of the total correlation energy, and the small 
difference between them shows that GVB-BCCC2b is a very 
good approximation to the GVB-BCCC2 method. When the tri-
ple block correlation is included, one can see that more than 90% 
of the total correlation energy can be obtained at the GVB-
BCCC3b and GVB-BCCC3 level. The maximum absolute de-
viation is only 4.5 kcal/mol. These results demonstrate that the 
three-geminal correlation plays an important role for polyacenes. 
 
Table 2. Deviations of the Ground-State Energies (in kcal/mol) Calculated with GVB, GVB-BCCC2b and GVB-BCCC3b 
Methods at the 6-31G Basis Set for Several Polyacenes. The DMRG Ground-State Energies (Based on GVB Orbitals and 
M=1000) are Provided as the Reference Data. a 
Polyacenes Nb GVB 
GVB-
BCCC2b 
GVB-
BCCC2 
GVB-
BCCC3b 
GVB-
BCCC3 
DMRG 
(Eh) 
Anthracene (C14H10) 14 38.68 15.93 15.57 2.73 2.61 –535.98648 
Phenanthrene (C14H10) 14 38.90 14.37 14.08 1.69 1.60 –535.99481 
Pyrene (C16H10) 16 48.63 21.39 20.96 3.91 3.77 –611.74912 
Tetracene (C18H12) 18 50.13 21.29 20.75 4.41 4.33 –688.62580 
Tetraphene (C18H12) 18 51.35 20.43 19.99 2.91 2.84 –688.63888 
Chrysene (C18H12) 18 49.91 18.89 18.49 2.55 2.48 –688.64221 
MAE  51.35 21.39 20.96 4.41 4.33  
NPE  12.66 7.02 6.88 2.71 2.73  
aThe equilibrium geometries of polyacenes were optimized at the B3LYP/6-31G level. bThe number of π electrons. 
 
A more challenging system is tridecane, in which all C–C 
bonds are stretched simultaneously to the dissociation limit, and 
all bond angles and C–H bond lengths remain unchanged at 
their optimized values at the B3LYP/cc-pVDZ level. To de-
scribe the system accurately, one should require an active space 
(24,24) (containing a pair of orbitals for each of 12 C–C bonds) 
for the correlation calculation (1s orbital of each C atom and 
orbitals of all C–H bonds may be frozen here). This challenging 
system is much beyond the capability of many existing MR 
electronic structure methods based on the CASSCF and CASCI 
methods. Fortunately, the DMRG(24,24) method is able to pro-
vide the nearly exact CASCI(24,24) ground-state energy, and 
thus the DMRG(24,24) energies will be taken as the reference 
values. For this system, we can only do GVB-BCCC2b calcu-
lations. For this system at various C–C bond distances, the de-
viations of GVB and GVB-BCCC2b ground-state energies 
from the reference values are collected in Table 3. As shown in 
Table 3, one can see that the GVB method has a very poor per-
formance. The maximum absolute deviation is as large as 119.1 
kcal/mol when the C–C bond length is 4.0 times the equilibrium 
value (Re). On the contrary, the GVB-BCCC2b method is 
demonstrated to provide quite accurate results, with the largest 
deviation being only 5.3 kcal/mol at the bond length of 2.0 Re. 
When the length of C–C bond is 4.0 Re, there is only a deviation 
of 0.8 kcal/mol. Thus, GVB-BCCC2b is capable of accurately 
describing simultaneous dissociation of 12 C–C bonds in tride-
cane. This result indicates that two-geminal correlation play a 
dominant role for the electron correlation in this system. To bet-
ter understand this point, a pair of GVB orbitals is shown in 
Figure 4. One can see clearly that each pair of orbitals (one 
bonding, and one antibonding) is very localized on a single C–
C bond for tridecane. This picture explains why GVB-BCCC2b 
works well for this system. One can expect that GVB-BCCC2b 
should work well for other systems with similar electronic 
structures. 
 
Table 3. Deviations of the Ground-State Energies (in 
kcal/mol) Calculated with GVB and GVB-BCCC2b Meth-
ods at the Cartesian cc-pVDZ Basis Set for Simultaneous 
Bond Dissociation of All C–C Single Bonds in a Tridecane 
Molecule. The DMRG(24,24) Ground-State Energies 
(Based on GVB Orbitals and M=1000) are Provided as the 
Reference Data. a  
R/Re GVB(12) 
GVB-
BCCC2b 
DMRG(24,24) 
(Eh) 
0.8 15.65 1.79 –507.626761 
1 22.48 2.47 –508.860371 
1.5 43.03 4.22 –507.800702 
2 76.75 5.28 –507.179142 
3 118.40 1.03 –507.098237 
4 119.14 0.83 –507.098002 
MAE 119.14 5.28  
NPE 103.48 4.45  
aThe equilibrium geometry of tridecane was optimized at the 
B3LYP/cc-pVDZ level. 
 
 
Figure 4. A pair of GVB orbitals localized at a given C–C bond 
in tridecane (R = 2.0 Re). 
 To conclude, we have proposed a GVB-based block corre-
lated coupled cluster method and reported the first implementa-
tion of this method at the ab initio level. This black-box MR 
method is capable of providing accurate electronic structures 
for strongly correlated systems. We have demonstrated that 
GVB-BCCC2 can provide accurate descriptions on the double 
bond dissociation in H2O and GVB-BCCC3 can offer accurate 
descriptions on the triple bond dissociation in N2. For polya-
cenes and bond dissociation in benzene, we have demonstrated 
that the GVB-BCCC3b method can provide quite accurate de-
scriptions. For tridecane with all 12 single C–C bonds at various 
distances, our calculations have shown that the GVB-BCCC2b 
method can provide highly comparable results as the DMRG 
method from the weakly correlated region to the highly corre-
lated region (bond dissociation limit). An advantage of the 
GVB-BCCC method over the DMRG method is that the dy-
namical electron correlation between geminals and virtual or-
bitals neglected in this work can be readily incorporated via 
adding the corresponding cluster operators, which is the topic 
of our future study. The GVB-BCCC method is expected to be-
come a potentially powerful theoretical method for electronic 
structure calculations of strongly correlated systems.  
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